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In this paper, an interacting holographic dark energy model with Hubble horizon as an infra-
red cut-off is considered in the framework of Brans-Dicke theory. We propose a logarithmic form
φ ∝ ln(α + βa) of the Brans-Dicke scalar field to alleviate the problems of interacting holographic
dark energy models in Brans-Dicke theory. We find that the equation of state parameter wh and
deceleration parameter q are negative in the early time which shows the early time inflation. During
the evolution the sign of parameter q changes from negative to positive which means that the
Universe expands with decelerated rate whereas the sign of wh may change or remain negative
throughout the evolution depending on the values of parameters. It is also observed that wh may
cross the phantom divide line in the late time evolution. The sign of q changes from positive to
negative during late time of evolution which explains the late time accelerated expansion of the
Universe. Thus, we present a unified model of holographic dark energy which explains the early
time acceleration (inflation), medieval time deceleration and late time acceleration. We also discuss
the cosmic coincidence problem. We obtain a time-varying density ratio of holographic dark energy
to dark matter which is a constant of order one (r ∼ O(1)) during early and late time evolution.
Therefore, our model successfully resolves the cosmic coincidence problem.
I. INTRODUCTION
One of the present mysteries of modern cosmology is
the recent accelerated expansion of the Universe pre-
dicted by the observations of supernovae Ia [1] and con-
firmed by the observations of Cosmic Microwave Back-
ground Radiation [2], Large-scale Structure [3], Baryon
Acoustic Oscillation [4] and Planck data [5]. According
to observations, the present epoch of evolution of the Uni-
verse is dominated by an exotic energy content dubbed
as “dark energy” (DE), which has negative pressure re-
quired to explain the accelerated expansion. In the lit-
erature, a variety of DE candidates are available some
of which are: cosmological constant [6], quintessence [7],
phantom [8], chaplygin gas [9] etc. The standard Λ-cold
dark matter (ΛCDM) model containing the cosmological
constant Λ is the most natural and successful model of
DE. However, it has some shortcomings in the form of
fine-tuning and cosmic coincidence problems. The other
DE candidates are also not free from problems. For a
review on DE and DE candidates, see [10].
Recently, the holographic dark energy (HDE), which
possesses some significant properties of the quantum the-
ory, has been proposed as a candidate of DE to explain
the recent phase transition of the Universe. The HDE is
based on the holographic principle proposed by ’t Hooft
[11] and further discussed by Susskind [12] in the con-
text of string theory. The origin of the HDE contains
the more scientific approach in comparison of other DE
candidates and presents a better way to deal with the
accelerated expansion. Cohen et al. [13] have shown
that the formation of black hole imposes an upper bound
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on the total energy of size L and should not exceed the
mass of black hole of the same size. In the paper [14],
the author assumed the largest infra-red (IR) cut-off to
saturate the inequality imposed by black hole formation
and obtained the density of HDE ρh = 3c
2M2pL
−2, where
c2 is a dimensionless constant,Mp stands for the reduced
Planck mass and L denotes IR cut-off.
The Hubble horizon is a natural candidate for IR cut-
off which is also free from causality but Hsu [15] found
that it gives wrong equation of state (EoS) of DE. Later
on, it was shown [16] that if there is an interaction be-
tween two dark components of the Universe the identi-
fication of L with Hubble horizon, L = H−1, may give
suitable EoS of DE. It also was shown that it necessarily
implies a constant ratio of the energy densities of the two
components regardless of the details of the interaction.
Thus, the HDE models may also alleviate the cosmic co-
incidence problem which provides an advantage to HDE
models over the other DE models.
The Brans-Dicke (BD) theory proposed by Brans and
Dicke in 1961 [17] is a natural extension of general rel-
ativity (GR). In this theory, the gravitational constant
G is replaced with a scalar field φ called BD scalar field
which couples to gravity with coupling parameter ω. The
inflationary epoch has been studied widely in this the-
ory [18]. Recently, the BD theory has got interest to
explain the accelerated expansion due to its association
with the string theory and extra dimensional theories.
This theory explains the recent accelerated expansion of
the Universe and accommodates the observational data
as well [19]. The BD theory provides a dynamical frame-
work which is more suitable to study the HDE models
as HDE belongs to the family of dynamical DE candi-
dates. Therefore, it is quite natural to study the HDE
models in the framework of BD theory. The HDE mod-
els have been studied in the framework of BD theory to
2explain the recent accelerated expansion and to alleviate
the problems associated with the DE models like cosmic
coincidence problem [20–25].
In the literature, most of the models have been dis-
cussed in BD theory by assuming the power-law form of
BD scalar field φ ∝ an, where a is the scale factor and n is
a constant. It has been shown in the papers [26] that the
assumption φ ∝ an naturally leads to a constant decel-
eration parameter (DP) in BD theory irrespective of the
matter content of the Universe. In the recent papers [22–
25], authors have used the same power-law form of BD
scalar field in HDE model and found a time-dependent
DP. Thus, it has been observed that a constant as well as
a time-dependent DP may be obtained with this power-
law form of BD scalar field in HDE model. In our point
of view there should not be two different values of DP
with this form of BD scalar field. Therefore, it is nat-
ural to explore more options for the BD scalar field to
over come from the shortcoming of this power-law form
of BD scalar field. The very first purpose of this paper is
to propose a suitable form of BD scalar field which gives
only time-dependent DP to discuss the evolution of the
Universe in the HDE models.
In this context, we propose a logarithmic form φ ∝
ln(α+βa) of BD scalar field, where a as usual denotes the
scale factor, and α and β are positive constants such that
α > 1. Using this assumption, we explore the cosmolog-
ical consequences of our model. This form of BD scalar
field is free from the constant value of DP which naturally
arises in the power-law form. We successfully obtain the
equation of state (EoS) of DE and the time-dependent
deceleration parameter which explain the recent phase
transition of the Universe. Moreover, the unification of
early time acceleration (inflation) and late time accel-
eration has been observed including matter dominated
era. In the early and late time evolution we find that the
density ratio of holographic dark energy to dark matter
is a constant of order one (r ∼ O(1)) which successfully
solve the cosmic coincidence problem. Therefore, we have
successfully alleviated the problem associated with the
power-law maintaining the good features of it. Further,
the early time inflation has been explained in contrast
to power-law form. The long lasting cosmic coincidence
problem associated with DE models have been alleviated
in a well manner in the present model in comparison to
existing models.
The outline of our work is as follows. Section II
presents the field equations of HDE model in BD the-
ory by assuming the interaction between DM and HDE.
In section III, we propose a logarithmic form of BD scalar
field and discuss its cosmological consequences. Section
IV is devoted to the cosmic coincidence problem. The
summary of the results is discussed in section V.
II. HOLOGRAPHIC DARK ENERGY IN
BRANS-DICKE THEORY
The modified Einstein-Hilbert action for the BD theory
is given by [24]
S =
∫
d4x
√−g
[
1
2
(−φR+ ω
φ
gµν∂µφ ∂νφ) + Lm
]
, (1)
where R denotes the Ricci scalar curvature, φ = (8piG)−1
is a time-dependent scalar field called BD scalar field
which couples with gravity, ω is a coupling parameter be-
tween scalar field and gravity called BD parameter and
Lm represents the matter lagrangian density.
We consider a homogeneous and isotropic flat
Friedmann-Robertson-Walker (FRW) Universe given by
the line element
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (2)
where a denotes the cosmic scale factor of the Uni-
verse. We assume that the Universe is filled with perfect
fluid containing pressureless dark matter (DM) excluding
baryonic matter and HDE.
The variation of the action (1) with respect to the met-
ric tensor, gµν for the line element (2) with the energy-
momentum tensor of dust and HDE yield the following
field equations.
H2 +H
φ˙
φ
− ω
6
φ˙ 2
φ 2
=
ρm + ρh
3φ
, (3)
2
a¨
a
+H2 + 2H
φ˙
φ
+
ω
2
φ˙ 2
φ 2
+
φ¨
φ
= −ph
φ
, (4)
where ρm and ρh are, respectively the energy density
of DM and HDE, and ph denotes the pressure of HDE.
Here, the over dot denotes the derivative with respect
to the cosmic time t. Many cosmologists [27] have con-
sidered the interaction between DM and DE. The recent
cosmological observations [28] also support this interac-
tion. Considering the interaction factor Q between DM
and HDE, the conservation equations of DM and HDE
are respectively given by [22, 25]:
ρ˙m + 3Hρm = Q, (5)
ρ˙h + 3H(ρh + ph) = −Q, (6)
where Q = Γρh, Γ stands for interaction rate. The sign
of interaction rate Γ is crucial and defines the direction
of the energy transfer, i.e., for Γ > 0, there is an energy
transfer from HDE to DM, and for Γ < 0, there is an en-
ergy transfer from DM to HDE. In the literature [21, 25],
Γ has been assumed to be proportional to the Hubble
parameter, i.e., Γ ∝ H to maintain the interaction term
Q as a function of a quantity with units of inverse of
time multiplied with the energy density. Therefore, let
3us consider Γ = 3b2H so that the interaction term be-
comes Q = 3b2Hρh, where b
2 is a coupling constant.
This assumption relies purely on dimension basis in the
absence of a suitable theory.
The dynamical equation for the BD scalar field φ is
given by
φ¨+ 3Hφ˙ =
ρm + ρh − 3ph
2ω + 3
. (7)
Motivated by the holographic principle [11], Cohen et
al. [13] obtained an upper bound on the total energy of
size L imposed by black hole formation. Li [14] assumed
the largest possible IR cut-off to saturate this inequality
and obtained the density of HDE, ρh = 3c
2M2pL
−2. In
the framework of BD theory, the HDE density has the
form ρh = 3c
2φL−2, where φ = M2p = (8piG)
−1 is a time
dependent scalar field which couples to gravity with a
coupling parameter ω. In the literature, there are vari-
ous forms of HDE depending on the different choices of
IR cut-off (L) like particle horizon, future event horizon,
Hubble horizon, Granda-Oliveros cut-off etc. The Hub-
ble horizon is the most natural and viable candidate of
IR cut-off because it is free from causality problem. Here,
in this paper we choose Hubble horizon as an IR cut-off
which gives HDE density as:
ρh = 3 c
2φH2, (8)
where c2 is a dimensionless constant.
III. LOGARITHMIC FORM OF BD SCALAR
FIELD AND COSMOLOGICAL CONSEQUENCES
Many authors [26] have assumed that the BD scalar field
φ evolves as a power-law of the scale factor a, i.e., φ ∝
an. They have observed that this assumption leads to a
constant value of DP. The constant value can be obtained
irrespective of matter content of the Universe. However,
some authors [22–25] have studied HDE model in BD
theory with the same form of BD scalar field and have
obtained a time-dependent DP. Now, the question is that
why does the same form of BD scalar field lead to two
different values of DP, constant and time-dependent in a
same model?
In spite of several advantages of this form of BD scalar
field, it seems from the above mentioned works that this
may not be a suitable assumption to discuss the evolution
of the Universe in HDE models. In other words, this form
may not be suitable for those models where we want to
study the phase transition of the Universe. Taking into
consideration to this problem, we hereby propose that
the BD scalar field evolves as a logarithmic function of
the scale factor which is given by
φ ∝ ln(α+ βa), (9)
where α > 1 and β > 0 are constants.
In principle, the BD scalar field should evolve slowly
to observe a slow variation of G. This logarithmic form
of φ fulfills this requirement. In this process, the value
of β also plays an important role. It is worth noting that
GR can be recovered for β = 0. One can observe that
this form does not give a constant value of deceleration
parameter when we combine Eqs. (3) and (4) with (7).
Thus, we have resolved the constant value problem of the
power-law form. It provides an initial advantage to the
logarithmic form over the power-law form of BD scalar
field. Therefore, it will be interesting to investigate the
role of this form in the evolution of the Universe in the
framework of BD theory within the formalism of inter-
acting HDE model.
From (6), we have
ρ˙h + 3H(1 + wh)ρh = −3b2Hρh, (10)
where wh = ph/ρh is the EoS parameter of the HDE.
Using (8) and (9) into (10), we get
βa
(α+ βa)ln(α+ βa)
+ 2
H˙
H2
+ 3(1 + wh) = −3b2. (11)
From (3) and (4), we obtain
H˙
H2
=
1
2 + βa(α+βa) ln(α+βa)
[
− 3− ωβ
2a2
2(α+ βa)2 [ln(α+ βa)]2
− 3βa
(α+ βa) ln(α+ βa)
(12)
+
β2a2
(α + βa)2 ln(α+ βa)
− 3wh
1 + r
{
1 +
βa
(α+ βa) ln(α+ βa)
− ωβ
2a2
6(α+ βa)2 [ln(α+ βa)]2
}]
,
where r = ρm/ρh represents the energy density ratio.
Using (12) into (11), we get
4wh =
(r + 1)
[
−3b2
(
2 + βa(α+βa) ln(α+βa)
)
− 2β2a2(α+βa)2 ln(α+βa) + βa(α+βa) ln(α+βa) + (ω−1)β
2a2
(α+βa)2 [ln(α+βa)]2
]
3
[
2r + (r−1)βa(α+βa) ln(α+βa) +
ωβ2a2
3(α+βa)2 [ln(α+βa)]2
] . (13)
To discuss the behavior of wh, let us first discuss the
terms present in (13) which have significant contribu-
tion in the behavior of wh. We observe that the terms
βa
(α+βa) ln(α+βa) and
β2a2
(α+βa)2 ln(α+βa) are zero at a = 0
and both the terms converse to zero as a→∞. We find
that both the terms start from zero, achieve maximum
value during the evolution and then converge to zero in
the late time evolution. Further, we observe that both
the terms attain the maximum value asymptotically for
sufficiently small values of α and sufficiently large values
of β. The maximum value of the term βa(α+βa) ln(α+βa)
lies in the interval ]0, 1[ whereas the maximum value of
the term β
2a2
(α+βa)2 ln(α+βa) lies in the interval ]0, 0.41[ de-
pending on the value of α only. It is to be noted that
the maximum value does not depend on the value of β
in either term.
The values of ω and b2 also play an important role in
the value of wh. The value of b
2 is expected to be a small
positive constant. The value of BD parameter ω has been
constrained by various astronomical and cosmological ob-
servations. The solar system experiment Cassini gave a
very stringent high bound ω > 40000 [29] for spherically
symmetric solution in the parameterized post Newtonian
formalism. The solar system constraints on ω may not
be consistent at the cosmological scales, therefore, the
cosmological constraints are required to study the large
scale properties of the Universe. In this context, Ac-
quaviva et al. [30] have found ω > 120 at 95% confi-
dence level, Wu and Chen [31] have found ω < −120 or
ω > 97.8 at 95.5% confidence level whereas Li et al. [32]
have obtained ω > 181.65 at 95% confidence level. How-
ever, all these constraints on ω depend on the choice of
a model. In the present paper, we will consider only the
value ω > 0.
Now, let us discuss the behavior of EoS parameter wh
of HDE as obtained in Eq. (13). The sign of wh de-
pends on the sign of numerator as the denominator has
only positive values. In the beginning of the evolution
(a = 0), all the terms of the numerator are zero except
the first term which has negative sign. Therefore, we
observe a negative value of wh as
wh = −b2
(
1 +
1
r
)
. (14)
Thus, HDE has EoS of DE in the beginning which is re-
quired to explain the inflation supposed to happen in very
early time of the evolution. As the Universe evolves, the
terms βa(α+βa) ln(α+βa) and
β2a2
(α+βa)2 ln(α+βa) attain their
maximum value, therefore, the last term of numerator
containing ω starts to dominate as a large value of ω
has been expected from the observations. Thus, we may
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FIG. 1. The evolution of wh verses a for different values of
α, β and ω with b = 1.05 and c = 0.77.
observe a change in the sign of EoS parameter wh from
negative to positive and HDE may start behaving like
radiation (wh > 0). It is evident from (13) that the first
term of the numerator has a constant part, and the terms
βa
(α+βa) ln(α+βa) and
β2a2
(α+βa)2 ln(α+βa) converse to zero in
the late time evolution. Therefore, ultimately the sign
of wh changes from positive to negative. Thus, HDE
achieves the EoS of DE again during the evolution which
is required to explain the late time acceleration of the
Universe. It is also obvious that HDE achieves dust like
behavior (wh = 0) whenever wh changes sign from pos-
itive to negative or viceversa. Zimdahl and Pavo´n [33]
for HDE, and Zlatev et al. [34] for tracker quintessence
scalar field have also observed radiation and dust like be-
havior in the early time evolution.
We also emphasise that for a small value of ω or a
large value of b2 or a suitable combination of their values,
the EoS parameter wh is negative throughout the evolu-
tion. Thus, the HDE behaves like DE throughout the
evolution. As it is mentioned that the maximum value
of the terms βa(α+βa) ln(α+βa) and
β2a2
(α+βa)2 ln(α+βa) depend
on the value of α, the change in sign of wh also depends
on the value of α. The possible behaviors of wh are shown
in Figs. 1 and 2 for different values of parameters which
show the similar behaviors as discussed above. We have
used value of r from (21) and have assumed the present
value of scale factor a0 = 1 here and thereafter for our
convenience.
It is worthy to note that if we take constant value of Γ
as taken in [16], the Eq. (13) in the late time evolution
(a → ∞) reduces to its respective expression in GR for
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FIG. 2. The evolution of wh verses a for different values of b,
c and ω with α = 1.15 and β = 5.
HDE model, that is,
wh ≈ −
(
1 +
1
r
)
Γ
3H
. (15)
Now, for time-dependent Γ = 3b2H , we get the expres-
sion of wh for late time evolution as
wh ≈ −b2
(
1 +
1
r
)
. (16)
One can observe from (16) that the EoS parameter con-
verses to a negative constant value in the late time evo-
lution. It means that as the Universe enters in the late
time accelerating phase, the HDE behave like DE forever.
In the absence of interaction (b2 = 0), we obtain a posi-
tive EoS parameter of HDE (wh > 0) from (13) through
out the evolution. It means accelerated expansion is not
possible in this case as observed in the papers [16, 23]. It
is also observed that wh may cross the phantom divide
(wh = −1) for a suitable value of b2 in the late time evo-
lution.
In the present model, the dynamics of the Universe
depends not only on DM and HDE, but also on the BD
scalar field. It will be early to conclude about the evo-
lution of the Universe only on the basis of EoS of HDE.
Therefore, it is important to discuss the behavior of de-
celeration parameter, q = −aa¨
a˙2
to make a precise conclu-
sion. We obtain the value of q after dividing Eq. (4) by
H2, and using (8) and (9) which is given as
q =
3c2wh + 1− β
2a2
(α+βa)2 ln(α+βa) +
2βa
(α+βa) ln(α+βa) +
ωβ2a2
2(α+βa)2 [ln(α+βa)]2
2 + βa(α+βa) ln(α+βa)
(17)
Let us examine the sign of deceleration parameter to dis-
cuss the early and late time evolution. In the beginning
of evolution at a = 0, we obtain q = 3c
2wh+1
2 . Us-
ing the initial value of wh given by Eq. (14), we get
q = 12
[
1− 3b2c2 (1 + 1
r
)]
, which produces accelerated
expansion for 3b2c2
(
1 + 1
r
)
> 1. Thus, we observe in-
flationary era which has been expected to happen in the
beginning of the evolution to resolve the problems of Big-
Bang cosmology. As wh may show sign change from neg-
ative to positive during the evolution and the last term
containing ω in numerator of Eq. (17) starts to domi-
nate due to large value of ω, a change in the sign of de-
celeration parameter from negative to positive may also
be observed. If wh is negative throughout the evolution
then also we observe sign change in q as shown in Figs. 3
and 4. Thus, we observe a decelerated expansion of the
Universe after inflation. Since the terms βa(α+βa) ln(α+βa)
and β
2a2
(α+βa)2 ln(α+βa) converse to zero in the late time
evolution, the late time value of q is obtained as
q ≈ 3c
2wh + 1
2
, (18)
Using the late time value of wh given by (16) into (18),
we get
q ≈ 1
2
[
1− 3b2c2
(
1 +
1
r
)]
. (19)
Here, q will be negative if 3b2c2
(
1 + 1
r
)
> 1, the same
as for early time. Therefore, a sign change of q from
positive to negative may be observed which successfully
explains the late time phase transition (deceleration to
acceleration) of the Universe. Indeed, HDE shows al-
most same behavior in the early and late time evolution
of the Universe. If there is no interaction (b2 = 0), we
observe q > 0 through out the evolution. Thus, using the
value of q we reconfirm that the accelerated expansion is
not possible in the case of no interaction. It can be seen
that it is not only for b2 = 0, but also for a small value
of b2 << 1, a decelerating Universe may be observed
throughout the evolution. The other parameters of the
model will not change this scenario. Further, we observe
that a sufficiently large value of b2 is able to accelerate
the expansion through out the evolution. Therefore, the
value of coupling parameter b2 plays an important role to
observe the evolution of the Universe which is consistent
with the observations. It means that a suitable interac-
tion between the dark components of the Universe, i.e., a
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FIG. 3. The evolution of q verses a for different values of α
and β with b = 1.05 and c = 0.77.
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FIG. 4. The evolution of q verses a for different values of b
and c with α = 1.15 and β = 5.
suitable value of b2 is required to be consistent with the
observations.
After having a suitable interaction, the most important
parameters are α and β, which are due to the logarithmic
form of BD scalar field. The terms containing α and β
in Eq. (17) start from zero, evolve up to maximum value
and converse to zero in the late time which lead to ob-
serve two phase transitions of the Universe, i.e., the early
time inflation and the late time acceleration. It is wor-
thy to mention here that for the power-law form of BD
scalar field, only a late time acceleration is possible. The
values of α and β are important to decide the time when
the phase transitions, inflation and late time acceleration,
will happen which can be seen in Figs. 3 and 4. Thus,
to accommodate the observed history of the Universe the
value of α and β are significant. It is also evident from
(17) that for a large value of ω the inflation ends early
and the late time acceleration occurs late, and viceversa.
So far we have observed that a number of combination of
the parameters are possible to explain the whole history
of the Universe but let observations to decide the best
combination of the parameters.
We have shown that the present model of dark energy
is able to explain the whole known history of the Universe
starting from inflation to recent accelerated expansion of
the Universe including the matter dominated era (radia-
tion+dust). Thus, this model presents a unified model of
interacting HDE in the framework of BD theory with log-
arithmic form of BD scalar field. We emphasise that the
logarithmic form proposed in this paper has played an
important role to explain the evolution of the Universe
in more better way. In the next section, we will show
that this form also plays a significant role to resolve the
coincidence problem.
IV. COSMIC COINCIDENCE PROBLEM
Let us investigate the present model on the ground of
cosmic coincidence problem [34, 35]. Using the conser-
vation Eqs. (5) and (6), the evolution of energy density
ratio r can be obtained as
r˙ = 3Hr
[
wh +
(
1 + r
r
)
b2
]
, (20)
which is the same expression as obtained in [16, 22] ex-
cept we have b2 at the place of Γ/3H because they have
chosen Γ as a constant whereas we have taken Γ = 3b2H .
The nature of evolution of r in our model is different from
the mentioned works as we have taken time-dependent
Γ and it also depends on the value of wh. Using the
late time value of wh given by (16) into (20) we obtain
r˙ = 0, i.e., in the late time evolution r has a constant
value which is a significant feature to solve the coinci-
dence problem. Pavo´n and Zimdahl [16] have obtained a
constant value of r in GR, however, r is expected to be
a time-varying value. Therefore, the authors assumed a
time-varying value of c to obtain a time-varying r. It has
also been suggested to replace the Hubble horizon by the
future event horizon to achieve a time-varying value of
r [36]. Although Banerjee and Pavo´n [22] have obtained
time-dependent value of r in Brans-Dicke theory but they
achieved a soft coincidence only. They argued that r can
vary more slowly in their model than in the conventional
ΛCDM model. It have been demonstrated by Zhang et
al. [37] that the interacting chaplygin gas model has a
better chance to solve the coincidence problem in com-
parison of interacting quintessence and interacting phan-
ton models. In the literature, many proposals have been
made to solve the coincidence problem [38, 39] but the
problem still exists.
Let us find the value of r for our model to analyse co-
incidence problem in more detail. From (3), the value of
r is obtained as
7r = −1 + 1
c2
+
βa
c2(α + βa) ln(α+ βa)
− ωβ
2a2
6c2(α+ βa)2 [ln(α+ βa)]2
. (21)
Here, we obtain a time-dependent value of r which has
a constant and finite value r = −1+ 1
c2
at the beginning
of the evolution as the last two terms are zero at a = 0.
In the late time evolution, we also obtain a constant
and finite value r ≈ −1 + 1
c2
as the last two terms
converge to zero. The same constant value of r has been
obtained through out the evolution in GR [16] but we
have obtained a time-dependent value of r which has
constant values in the early and late time evolution.
Here, it will be interesting to quote a paper of Campo
et al. [38] “Obviously, a mechanism that makes r tends
to a constant today or decrease its rate to a lower
value than the scale factor expansion rate ameliorates
the coincidence problem significantly, but it does not
solve it in full. To do so the said mechanism must also
achieve r0 ∼ O(1)”. We have obtained r0 ∼ −1 + 1c2
which excellently satisfies the requirement r0 ∼ O(1)
as most of the observational constraints on c obtain
0.5 < c < 1 [40–42]. In the other words, the cosmic
coincidence problem has been resolve completely. In
fact, we observe r ∼ O(1) in the early time as well as
in the late time evolution in our model. Therefore, the
cosmic coincidence problem does not seem a problem
because it is not a coincidence that we are living in
a time where r ∼ O(1), it have been observed in the
early time also. Thus, in conclusion we can say that
the cosmic coincidence problem has been resolved in a
significantly well manner in the present model.
From (16) and (20), it is clear that whatever the
value of b2 be chosen, we obtain r˙ = 0 in the late
time evolution. It means the coupling parameter b2
between DM and HDE does not play a significant role
in the alleviation of coincidence problem. This is also
evident from the value of r given by (21) which has no
b2 term. Also, one may observe that the parameter c
is not significant to resolve the coincidence problem.
Although, it plays an important in the value of r at any
given time. Actually, the last two terms in Eq. (21)
which come due to the assumption of logarithmic form
of BD scalar field, play an important role to decide
the coincidence problem. These two terms converse to
zero in the late time and may vary sufficiently slow at
present due to which r converses to a constant value in
the late time and vary sufficiently slow at present. The
suitable values of the parameters α and β ensure the
slow variation of r at present time. The variation of r is
shown in the Fig. (5) which clearly verify our claim.
Let us find the value of c to match with the observa-
tional values using the observed value of r. According
to recent observations, the present value of r is ≈ 37 ,
where matter has ≈ 30% and DE has ≈ 70% of total
energy content of the Universe. We obtain the value
c ≈ 0.8367 using the theoretical relation r ≈ −1 + 1
c2
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FIG. 5. The graph of r verses a for different values of α, β
and c with ω = 12.
from (21) for late time evolution. Xu at al. [40] have
obtained similar value c = 0.807+0.165−0.160 for the HDE
model in the framework of Brans-Dicke theory. Using
the observations from various probes like WMAP, BAO,
Planck etc. Li et al. [41] have obtained values of c which
also show similarity with the above values, however, all
these models are different.
V. CONCLUSION
In this paper, we have studied interacting HDE model
with Hubble horizon as an IR cut-off in the framework of
BD theory. We have pointed out a serious problem asso-
ciated with the assumption of power-law form (φ ∝ an)
of the BD scalar field. It has been observed that this form
of BD scalar field gives constant and time-dependent de-
celeration parameter for same model. Therefore, taking
into consideration of this problem, we have proposed a
logarithmic form of BD scalar field which always gives a
time-varying deceleration parameter. We have observed
that this form of BD scalar field is consistent with the cos-
mic evolution of the Universe. We have obtained EoS pa-
rameter and deceleration parameter to discuss the early
and late time evolution of the Universe. We have also
discussed the cosmic coincident problem. A summary of
the main findings is as follows.
In the early time evolution, we observe wh < 0 and
q < 0 which explains the inflationary era of the cos-
mic evolution supposed to happened in the very early
Universe to resolve the problems of Big-Bang cosmology.
Further, the sign change of q from negative to positive
has been observed. Thus, we observe the matter dom-
8inated era of the evolution. In the late time evolution,
we have observed another sign change of q from positive
to negative which explain the late time acceleration of
the Universe. Thus, this model presents a unified model
of interacting HDE in the framework of BD theory with
logarithmic form of BD scalar field. If we consider Γ as
a constant then the EoS parameter wh reduces to the
corresponding form of GR in the late time. The EoS pa-
rameter converges to a constant value and for a suitable
value of b2 it may cross the phantom-divide line wh = −1
in the late time evolution. If there is no interaction be-
tween HDE and DM, i.e., b2 = 0, it has been observed
that the EoS parameter wh and deceleration parameter q
are always positive, therefore, the accelerated expansion
is not possible in this case.
We have also discussed the cosmic coincidence prob-
lem, a long standing problem with DE models, which
has been resolved effectively in this paper. We have ob-
served a time-varying energy density ratio r which has
a constant value in early and late time evolution of the
Universe. The present value r0 satisfies the condition
r0 ∼ O(1) which is consistent with the observations. Us-
ing the present value of r obtained by observations, we
get theoretical value c = 0.8367 which shows similarity
with the observed values of c.
In conclusion, the advantage of our model is that we
have alleviated the problem associated with the power-
law containing the good features of it. In addition, our
model presents a unification of early time inflation and
late time acceleration including the matter dominated era
which have not been obtained through power-law form.
In the present model, the cosmic coincidence problem has
been alleviated more effectively in comparison of existing
models.
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